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Abstract: The vertex operator algebra M(l) + is the fixed point set of free bosonic vertex 
operator algebra M(l) of rank I under the —1 automorphism. All irreducible modules for 
M(l) + are classified in this paper for any £. 

1 Introduction 

This is the third paper in studying #-orbifold models associated to lattice vertex oper- 
ator algebras Vl for even integral lattices L where 9 is an automorphism of Vl of order 

2 lifted from the —1 isometry of L. The Vl contains the rank I free bosonic vertex 
operator algebra M(l) and the automorphism 9 preserves M(l). In [DNT we studied 



the orbifold model M(l) + which is the ^-fixed point set of M(l) and classified all the 
inequivalent irreducible modules by determining associated Zhu's algebra A(M(1) + ) 
explicitly in the case of rank one. The results and the method developed in ||DN 1|| were 



effectively used in |DN2|| to get the classification result for the inequivalent irreducible 
modules for the charge conjugation orbifold model, which is the ^-invariants of a lattice 
vertex operator algebra Vl for a rank one lattice L. In this paper, we investigate the 
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Culture. 



1 



0-orbifold model M(l) + for arbitrary rank £ free bosonic vertex operator algebra M(l) 
and classify the irreducible modules for M(l) + . The results in this paper are expected 
to be used to study the representation theory for a vertex operator algebra V£ which 
is the ^-invariants of Vi for a lattice L of rank £. 

The free bosonic vertex operator algebra 7i = M(l) of rank £ (cf. [FLM]) is an 
affine vertex operator algebra associated to an ^-dimensional abelian Lie algebra 1) (see 
Subsection 2.2 below). The map 9 : 1} — ► P) defined by 9(h) = —h induces a vertex 
operator algebra automorphism denoted by the same symbol 9. Then the fixed point 
set 7i + of 9 is a simple vertex operator subalgebra of Ti. It is well known that all 
the irreducible modules for 7i are exhausted by Fock representation M(1,A) for the 
affine algebra f) with the highest weight A G f). As a module for 7i + , M(1,A) and 
M(l, —A) are isomorphic and irreducible if A 7^ 0. But M(l, 0) = 7i decomposes into 
its irreducible components Ti = 7i + © where are the eigenspaces of 9. One 
of the features of orbifold models is the existence of extra irreducible modules which 
come from the twisted sectors. The Ti has exactly one irreducible ^-twisted module 
T~C{9) with the 9 action, which gives rise to two inequivalent irreducible modules 7i(9) ± 
for 7i + where 7i(9) ± are the eigenspaces of 9. The main result in this paper is that 
M(l, A) (A 7^ 0), and 7i(6') ± are all inequivalent irreducible 7^ + -modules. 

In [Q, Zhu introduced an associative algebra A(V) for any vertex operator algebra 
V, which gives a lot of information on V as far as the representation theory concerns. 
For instance, there is a one to one correspondence between the set of equivalence classes 
of irreducible modules for the associative algebra A(V) and the set of equivalence 
classes of irreducible admissible modules for V. This fact has been used to classify the 
irreducible modules for affine vertex operator algebras |FZ|1 , Virasoro vertex operator 
algebras [W], lattice vertex operator algebras |[DLM3|| , M(l) + in the case £ = 1 [DN1] 
and the —1 orbifold vertex operator algebra associated to the rank 1 lattice [DN2]. 
This idea was developed further in [DLM2] to deal with twisted representations and 
the ^-twisted modules for lattice vertex operator algebras Vi were classified along this 



line DN3 



The classification result in this paper is also achieved by using Zhu's algebra. The 
strategy is to determine Zhu's algebra A(7i + ) and to find a set of good generators 
and their relations. The determination of Zhu's algebra is not only related to the 
representation theory but also the structure theory for a given vertex operator algebra. 
For example we found a Poincare-Birkhoff-Witt type theorem for a 7i + in |DN1 
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the case £ = 1. So investigation of Zhu's algebra sheds light on the hidden structure of 
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VOA's. 

It is worth pointing out that there is a main difference between rank one case and the 
others. Zhu's algebra for rank one case is commutative but is not for higher rank case. 
For instance the top level of the module 7i~ is ^-dimensional. The algebra structure of 



A(J-t + ) and ideas given in |PN1|| in the rank one case are very helpful but not enough to 
attack the higher rank case. To overcome the difficulty arising from noncommutativity 
of A(7i + ) we introduce an ideal X which is isomorphic to the direct sum of two copies of 
matrix algebra Mf(C). Then we shows the quotient algebra A(H. + ) /I is commutative 
and is generated by the elements u a , J a and A ab (see Section 5). It is fair to say that 
we do not determine the algebra structure of A{7i + ) completely in terms of generators 
and relations. But the relations among generators of A(7i + ) found in this paper are 
good enough to classify all irreducible modules for A(7i + ) and for the VOA 7i + . 

We organize the paper as follows. In Section 2, we review definitions and states 
properties of the VOA 7i + . The list of inequivalent irreducible modules is given here. 
We explain the notion of Zhu's algebras in Section 3 and prove some formulas which we 
need later. Section 4 is devoted to find a finite set of generators for A{7i + ). In Section 
5, we introduce the elements E% b , E f ab and A ab as well as u a , J a which form a "nice" 
generating set of Zhu's algebra. It will be shown that the elements E™ b and E l ab forms 
the matrix algebra M^(C) respectively. We derive more relations among the generators 
in Section 6. The evaluation method developed in | DN1 ] and | DN2 | is fully used for 
this aim. We show these relations are enough to classify all the irreducible modules for 
A(H + ) and then for the VOA H + . 

The core of this work was done while the second author was visiting University 
of California at Santa Cruz in January, 1999. K. N thanks Professor Mason for the 
hospitality during the stay. 

Throughout the paper N is the set of nonnegative integers and Z + is the set of 
positive integers. 



2 Preliminaries 

This section is divided into two subsections. In the first subsection we recall various 
notions of (twisted) modules for a vertex operator algebra V. In the second subsection 
we discuss the construction of the vertex operator algebra 7i and its (twisted) modules. 
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2.1 Modules 



Let V = ©nezKi be a vertex operator algebra (cf. JB|, |[FLM|| ) and g be an auto- 



morphism of V of finite order T. Then g preserves each weight space V n and we 
decompose V into eigenspaces with respect to the action of g as V = © rgZ / ra V r 
where V r = {v G V\gv = e~ 2mr ^ T v}. 

An admissible g -twisted V -module (cf. [DLM2]) 

oo 

M = ^M(^) 

n=0 

is a ^N-graded vector space with the top level M(0) 7^ equipped with a linear map 
V — ► (EndM){^} 

which satisfies the following conditions for < r < T — 1, u E V r , u € V, u> G M: 

(Al) Y M (u,z) = Ener/T+z^""'" 1 , i.e., u n = if n i r/T + Z. 

(A2) There exists an integer N such that u n w = for all n > r/T + N. 

(A3) Ym (1, z) = id.M where idM is the identity map on M. 

(A4) Jacobi identity 

z 1 5 \^—^— -J y m(u, Zi)Y m (v, z 2 ) - z^S y -^—^- J Y M (v, z 2 )Y M (u, z x ) 

z — z \ ~ r ^ T ( z — z \ 
— ) 5 ( — ) Y M (Y(u, z )v, z 2 ), 

where 5(z) = Ylnei z ™ anc ^ a ^ binomial expressions are to be expanded in nonnegative 
integral powers of the second variable. (One can find elementary properties of the 
5-function in ||FLM|| .) 
(A5) If u is homogeneous, 

u m M(n) C M(n + wt (u) — m — 1). 

If g = idy, this reduces to the definition of an admissible ^-module (cf. [DLM1]). 
A g-twisted V -module is an admissible ^-twisted ^-module M such that L(0) is 
semisimple; 

M =]JM X , M x = {we M\L(0)w = Xw} 

AeC 

and dim M\ is finite, and for fixed A, M n / T+X — for all small enough integers n. Again 
if g = idy we get the definition of an ordinary V^-module. 
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2.2 Vertex operator algebras H and H 



Following |[FLM|| we discuss the construction of vertex operator algebra 7i and its 



(twisted) modules. The vertex operator subalgebra H + is defined and the list of known 
irreducible modules for H + is presented. 

Let f) be an ^-dimensional vector space with a nondegenerate symmetric bilinear 
form ( , ) and i) — f) ® C[t,t _1 ] © CK be the corresponding affine Lie algebra viewing 
f) as an abelian Lie algebra. Let A G f) and consider the induced ()-module 

M(l, A) = 17(f)) ®t/ ([ ,®CMffiC*) C ~ S(t) ® r^fr 1 ]) (linearly) 

where f) ® tC[t] acts trivially on C, f) acts as (a, A) for a G f) and K acts as 1. For 
a G f) and n G Z, we write a(n) for the operator a <8> t n acting on M(l, A) and set 



n ( : ; > a(n)z 11 1 . 



Among M(1,A),(A G fj), the space TC = M(l, 0) is specially interesting as it 
has a vertex operator algebra structure as explained below. (M(1,0) is denoted by 
M(l) in [FLM] .) We set 1 = 1 ® 1. For a u ...,a k G 1), (ni, ...,n k G Z+) and 
f = a\(— ni) • • • «fc(— ^it)l G 7i, we define a vertex operator, acting on M(l, A), corre- 
sponding to v by 

(2.2.1) 

y( VjjZ ) = :[d {ni ' 1) a l (z)}[d (n2 - 1) a 2 (z)]---[d ink ~ 1) a k (z)}:, d {n) ' / 



where a normal ordering procedure indicated by open colons signifies that the expres- 
sion between two open colons is to be reordered if necessary so that all the operators 
a{n) (a G f), n < 0) are to be placed to the left of all the operators a(n), (n > 0) before 
the expression is evaluated. We extend Y to all v G V by linearity. Let {hi, ...hi} be 
an orthonormal basis of f) and set u = | Ylt=i hi(—l) 2 l. The following theorem is well 
known (cf. jFLMl ). 

Theorem 2.2.1. The space 7i = (H,Y, 1,uj) is a simple vertex operator algebra with 
a vacuum 1 and a Virasoro element uo and M(1,A) = (M(l,A),y) for A G f) are 
inequivalentTi-modules. Moreover, any irreducible 7i -module is isomorphic to a module 
M(l, A) = (M{1, A), Y) for for some A G f). 
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Now, we define an automorphism 9 of Ti by 

9{a 1 {-n x ) ■ ■ ■ a k (-n k )l) = (-l) fe ni(-ni) ■ • ■ a k (-n k )l. 

Then the #-fixed point set 7i + of Ti is a simple vertex operator subalgebra and the 
— 1-eigenspace 7i~ is an irreducible 7i + -module: See Theorem 2 of |pM2|| . 



Following |pMl|| we define another 7i-module from M(1,A); 6 o M(1,A) 



M(l, A), Y e ) where y e (f,^) = Then 9 o M(l, A) is also an irreducible 7Y- 

module isomorphic to M(l, —A). The following proposition is a direct consequence of 
Theorem 6.1 of |Dgg . 



Proposition 2.2.2. //A ^ iaen M(l, A) is an irreducible H + -module, and M(l, A) 
and M(l, —A) are isomorphic. 

Next we turn our attention to the ^-twisted 7i-modules (cf. [FLM]). The twisted 
affine algebra for f) is defined to be f)[— 1] = ^ ngZ f) <8> t 1 / 2 ^ © Cif. Its canonical 
irreducible module is 

H(9) = i7(6[-i]) (S^/acwecm c * s(& ® r^qr 1 /*]) 

where f) ® t 1 / 2 C[t] acts trivially on C and K acts as 1. As before we can define an 
involution on 7i(9) also denoted by 9 

9(a 1 {-m 1 ) ■ ■ ■ a k (-m k )l) = (-l) fc ni(-mi) • • • a k (-m k )l 

where a, G f), m ; G 1/2 + N and n(n) = a <S> t n . We denote the ±l-eigenspace of H(9) 
under 9 by ft(0)±. 

Let f = cti(—ni)---a k (—n k )l G 7i, (n 1; n 2 , . . . , n k G Z + ). We first introduce an 
operator 

W (v,z) = °[9(" 1 - 1 )a 1 (^)][9(" 2 - 1 )a 2 (^)]---[9("^ 1 )a fe (2)]°, 
where the right hand side is an operator on TC(9), namely, 

£ 



n(:) = > a(n)z n 1 



and where normal ordering procedure is as before. We extend this to all v G 7i by 
linearity. Define constants c mn G Q for m, n > by the formula 

e = -.o g ( (i+ - )i/2 : (i+y)i/2 ) 



m,n>0 
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and set 



n)z 



m,n>0 i=l 

The twisted vertex operator Yg(v, z) for v G 7i is defined by 

Y e (v,z) = W e (e^v } z). 

Then we have: 

Theorem 2.2.3. (i) (H(9),Yg) is an irreducible 9 -twisted H-module. 
(ii) 7i(9) ± are irreducible 7i + -modules. 



Proof. Part (i) is a result of Chapter 9 of |[FLM|| and part (ii) follows from Theorem 
5.5 of PH. □ 



3 Zhu's algebra 

We review the definition of Zhu's algebra A(V) associated to a vertex operator algebra 
V and related results from [Z] and [DLM2]. We also give several frequently used 
formulas in A(7i + ). 



3.1 The definition of Zhu's algebra 

Let us recall a vertex operator algebra is Z-graded; 

V = @n&Vn- 

Each v G V n is called a homogeneous element of V with weight n, which we denote 
n = wt (v). Whenever we write wt (v), the element v is assumed to be homogeneous. 
In order to introduce Zhu's algebra, we need to define two binary operations * and o 
on V. 

For u G V homogeneous and v G V, we define 



(3.1.1) u * v = Res ( (1 + f VK = f 

(8.1.2) uav =K 3 (±^ YMv y±^ 



Ui-lV, 



Ui- 2 V 
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and extend both ( |3.1.1| ) and ( |3.1.2| ) to linear operations on V. Define 0(V) to be the 
linear space spanned by all u o v for u, v G V. Then the A(V) is defined to be the 
quotient space V/0(V). 

For u G V, we define o(u) the weight zero component operator of u on any admissible 
modules. Then o(u) = « w t(u)-i if u is homogeneous. 

The following theorem is essentially due to Zhu |Z| (also see |pLM2] ) . 



Theorem 3.1.1. (i) The bilinear map * induces an associative algebra structure on 
A(V) with the identity 1 + 0(V). Moreover uj + 0(V) is a central element of A(V). 

(ii) The map u i — > o(u) gives a representation of A(V) on M(0) for any admissible 
V -module M . Moreover, if any admissible module is completely reducible, then A(V) 
is a finite dimensional semisimple algebra. 

(iii) The map M i — > M (0) gives a bisection between the set of equivalence classes of 
irreducible admissible V -modules and the set of equivalence classes of simple A(V)- 
modules. 

For convenience, we write [u] = u + 0(V) G A(V). We denote u ~ v for u,v G V 
if [u] = [v]. This induces an equivalence relation on EndV^ such that for f,gE EndV, 
/ ~ g if and only if fu ~ gu for all u £ V. 

The following proposition is useful later (see |Z| for details). 

Proposition 3.1.2. (i) Let u &V be homogeneous and v G V, then for nGN 

Res z J +2 Y(u,z)v )=22{ ■ )^-n~2V G 0{V). 
(ii) Let v G V be homogeneous and u G V, then 



\Vi-iU. 



f (l + z )^)-\ \ « /wt („) - 1\ 

M *„~Res^ _ K(i;,z)uJ=^^ . J 

(iii) Lei w, v G fee homogeneous, then 

i=0 ^ 2 ' 

(iv) For any u G V, L(-l)u + L(0)u G 0(V) where Y(w,z) = Y.n& L ( n ) z ~ n ~ 2 
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3.2 Some formulas in A(7i + ) 

We prove some formulas in A(7i + ). 

Recall that {h a e f) | a — 1,2, . . . ,£} is an orthonormal basis. We set 



u a = )-h a (-l) 2 l and Y(u a , z) = ^ L ^ 



n)z- n - 2 



for a = 1,2 



, . . . , 



Proposition 3.2.1. For all a, (1 < a < £), 

(i) L a (-n - 3) + 2L a (-n - 2) + L B (-n - 1) ~ 0, (n > 0). 

(ii) it * w B ~ (^a(-2) + L a (-l))w for all u e H + . 

(iii) u; a * u — u * uj a ~ (L a (— 1) + L a (0))w /or a// w G 



Proof. Using Proposition |3.1.2| (i) for oj a and for any u E V proves 



? = e s ( (1 ^+n )2 y (^' = ( L *(- n - 3 ) + 2L "(- n - 2 ) + L ^- n - i )) u e 0{ y)- 



Proposition [3.1.2| (ii) with v = u a shows 



u*u a ~ Res ( + Z Y(uj a , z)u ) = (L a (-2) + L a (-l))u. 



z=0 



Finally by Proposition |3.1.2| (iii), we have 

u a * u - u * u a ~ Res ((1 + z)Y(u a , z)u) = (L a (-1) + L a (0))u. 

2 = 



□ 



Remark 3.2.2. The Virasoro element u in H + is the sum of cj a 's, i.e., u = ^2 a= i^ a - 
We know L(—l) + L(0) ~ 0. But it is less obvious that L a (—1) + L a (0) oo 0. In order 
to see this, we fix {hi(— 1)1, . . . , ^(—1)1} as a basis of the top level of 7i~ and set 
Sab = h a (— l)hb(— 1)1. Then acts on the top level of the module as E a b + Eb a 
with respect to the basis where E ab is the matrix element sending h c (—l) to S Cta hb(—l), 
and c<j a acts as E aa : See Table 1 in Subsection [Q| . Therefore, cj a * — * uj a acts 
as E^, which means (L a (— 1) + L a (0))S' a ; ) ^ by Proposition |3.2.1| (iii). In particular, 
the algebra A(7i + ) is not commutative. 
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4 A finite set of generators for A(H + ) 

In this section we prove that the algebra A(7i + ) is finitely generated. The main idea is 
to consider a vertex operator subalgebra W of 7i + such that 7i + is a finite direct sum 
of irreducible modules for W. We use a result from [DN1] to show that the image A[W] 
of W in A(H + ) is finitely generated. Finally we determine a finite set of generators for 
the image of each irreducible W-submodule in A(H + ) as a left or right A[W]-module. 

For convenience, we sometimes identify an element u in a vertex operator algebra 
V with its image [u] — u + 0(V) in A(V) if there is no confusion arising. 

4.1 A generating set of A(H + ) 

Let 7i a be the vertex operator subalgebra algebra (with Virasoro element u a ) associated 
to the 1-dimensional vector space Ch a - Then the automorphism 9 of 7i induces an 
automorphism of 7i a denoted by the same symbol 9 and 7i a decomposes into direct 
sum of the ±l-eigenspaces of 9; 

n a = n + a ®n- a . 

As a result, H decomposes into 

aC{l,...,£} 

where 

W a = HI 1 (g) • • • ® n £ i 

such that Ei = — if i G a and £j = + if i ^ a. 

For convenience, we also write W = W = Hi ® ■ ■ ■ <g> H\ . Let P be the collection 
of all subsets of {1, ...,£} with even cardinalities. Then 

H+ = ® aeP W a , 

the W is a vertex operator subalgebra of H + and each W Q is an irreducible W- 
submodule of Ti + . For a subspace W of H + we denote the image of W in 
by A[W\. That is, = {w + 0(^+)|w e W^}. Then 

A{H + )=® aeP A[W% 
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A[W] is a subalgebra of A(H + ) and each A[W a ] is an A[W]-bimodule of A(H + ). 

The main purpose in this subsection is to find a set of generators of each A[W a ] as 
a left or right A [W] -module. 

We first find a set of generators for the algebra A [W] . We need the following Lemma 



from jDMl 



Lemma 4.1.1. Let Vy, . . . ,V n be vertex operator algebras. Then the linear map 

F : [v i] (g> ■ ■ ■ <g> [v n ] i — ► [vi <g> • • • ® t>„] 
/rom A(Vi) ® • - • ®v4(\4) to A(Vi <8> ■ ■ ■ <E> V n ) is an isomorphism of associative algebras. 

Let J a = h a {-l) 4 l - 2/i (-3)/i (-l)l+ §/i a (-2) 2 l. Then the following lemma was 
shown in |DN1|| . 



Lemma 4.1.2. For a = 1, 2, . . . , t, A(H^) is generated by u a and J a . 

Corollary 4.1.3. The A[W] is generated by uo a and J a for a = 1, . . . , I. In particular, 
A[W] is a commutative subalgebra of A{7i + ). 

Proof. By Lemma |4.1.1| the composition of the linear map 

F : A(Ht) ® • • • ® A{K$) — > A{Ht ® • • • ® ?#) = W/0{W) 
[Vi] <8) • • • <g> [v n ] I — > [f i <g> • • • g) u n ] 

and the canonical map i : ^(7^^ (g) • • • ® H~[) — > A[W] which sends u + O(W) to 
u + 0{7i + ) is a surjective homomorphism. Then Lemma |4.1.2| shows that A[W] is 



generated by u a and J a for a = 1, 2, . . . , I. □ 

Next, we consider A[W a ] with a = {a, b} for distinct a, b, (1 < a, 6 < £). For 
positive integers m,n <E Z+, we set S a b(rn,n) = h a (—m)hj)(—n)l. 

Let iS a fe be the linear subspace spanned by S a b(m,n) + 0(H + ), (m,n G Z + ). 

Lemma 4.1.4. VFe /icwe A[W a ] = <S afe A[W] /or a = {a, 6}. That is, as a right A\W}- 
module, A\W a ] is generated by Sab- 
Proof. Note that W a is spanned by S a b(m,n; u) = h a (—m)hb(—n)u where u G W and 
m, n > 1 are integers. We can assume that u is a monomial u = h ai (— rii) ■ ■ ■ h ar (—n r )l 
in W. For such u we define the length to be r. As usual we define £(1) = 0. 
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We prove by induction on the length of monomial u G W that S a b(m,n;u) + 
0{Ti. + ) G <S a fcA[}V]. If £(u) = 0, then S a b(m,n;u) = S a b(m,n) and it is clear. 

Suppose the lemma is true for all monomials with lengths strictly less than N. Let 
u G W with the length £(u) = N. Recall that the component operator S a b(m,n)i of 
Y(S ab (m, n), z) is defined by 

Y(S ab (m,n),z) = y^ j S ab (m,n) i z~' l ~ 1 . 



It follows from (Oil) that 



S ab (m,n)i-i= ^2 d rm d sn °h a (r)h b (s)° , drm= \J n _i) 



r+s=i—m—n 
r>0 or r<— m 
s>0 or s<—n 



for i 6 Z. Now we compute the * product 

m+n 

/ m 



m+n ✓ 

S ab (m,n) * u = ^ ( 

i=0 ^ 



6 ab (m,n)i_iM. 



Note that if r < — m and s < — n, then r + s < —m — n. Therefore, if z = 0, then 
S ab (m,n)-iu = S ab (m,n; u) + ^ d rm d sn h a (r)h b {s) u, 



r+s=—m—n 
r>0 or s>0 



and if i > 0, then we see either r > or s > 0, namely, 

S ab {m,n)i-xu= 22 d rrn d sn °h a (r)h b (s)° 



u. 



r+s=i—m~-n 
r>0 or s>0 



Hence we have S a b(m,n)*u = S ab (m, n; u) +w where w = J2 rs>1 h a (— r)h b {— s)u r,s and 
where u r ' s G W, £(u r ' s ) < N. Then by the induction hypothesis w + 0(H + ) G S ab A[W}. 
As a result, we have S a b(m, n; u) + 0{7i + ) G <S f,A[W]. □ 



The following proposition is similar to Lemma |4.1.4 



Proposition 4.1.5. We have A[W a ] = A[W]S ab for a = {a,b}. That is, as a left 
A[W]-module, A[W a ] is generated by S a b. 

Proof. It is enough to prove iS a bA[W] C v4[W]iS a b. Recall the vector S a b(m,n; u) from 
the proof of Lemma 4.1.4 . We also use induction on the length of the monomial u. If 



12 



£(u) = 0, it is clear. Let N be a positive integer and suppose that the claim is true for 
all monomials u G W with lengths strictly less than N. Now, consider S ab (m, n; u) for 
u G W with £{u) = N. Proposition p . 1 . 2| (iii) shows 

Sab{m, n)*u-u* S ab (m, n) 

m+n— I 



r ra-t-w— x / - x 

^((l + z) m+n - 1 r(5 , a6 (m,n)^)w)= ^ I . J S afc (m, n) lM . 

' i=0 ^ ' 



From the proof of Lemma 4.1.4 we see that 



S ab (m,n)iU = h a (-r)h b (-s)u r ' s for i > 

r,s>l 

where u r,s G W and £(u r,s ) < N. Thus each S ab (m, n)iU+0(7i + ) is a linear combination 
of S a b(s, t) * v + 0(7i + )'s where s, t > and where v G W are monomials with lengths 
less than iV. By the induction hypothesis each S ab (m,n)iU + 0(H + ) lies in A[W]«S a b. 
Thus S ab (m, n) * u — u * S ab (m, n) + 0(H + ) G v4[W]iS a b and S ab (m, n) * u + 0(H + ) G 
A[W]<S o6 . □ 

We now turn our attention to v4[W ] for general a. For this purpose we consider 
the elements of type 

S abcd (m,n,r, s) = h a (-m)h b (-n)h c (-r)h d (-s)l 

where m, n,r,s G Z + and a, b, c, d are distinct. 

Lemma 4.1.6. For any m, n,r,s G Z + , 

5 abcd (m, n, r, s) + 0(ft+) = {-l) m+n+r+s S abcd {l, 1, 1, 1) + 0(W + ) 

Proof. Recall the definition of the circle operation 

m+n 



S ab {m, n) o S cd {r, s) = ( 

h— n V 



fc=0 

Also recall that 



m + n 
k 



S ab (m,n) k _ 2 S c d(r,s). 



S ab (m,n) k . 



2 



/ , di m dj no h a (i*)h b (j^ , di m I J 
z — ' \m — 1 J 

i=k—l—m—n ' 



i+j 
i>0 or i<—m 
J>0or j<— n 
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and note that if k > 2 then either i > or j > in the sum. This immediately 
gives S a b(m,n) k _ 2 Scd( r , s) = for k > 2. Thus we have S ab (m,n) o S cd (r,s) = 
S ab (m, n)_ 2 S' c rf(r, s) + (m + n)S ab (m, n)_ 1 S' c rf(r, s). It is easy to see that 

S ab (m, n)„ 2 S c d{r, s) = mS abcd (m + 1, n, r, s) + nS abcd (m, n+l,r,s), and 
S ab (m,n)^iS cd (r, s) = S abcd (m,n,r, s). 

So 

(4.1.1) mS abcd (m + 1, n, r, s) + nS abcd (m, n + 1, r, s) + (m + n)S abcd {m, n, r, s) ~ 0. 

Similarly, when considering S ac (m, r)oS bd (n, s) and S bc (n, r)oS ad (m, s) respectively, 
we obtain 

(4.1.2) mS abcd {m + 1, n, r, s) + rS abcd (m, n, r + 1, s) + (m + r)S abcd (m, n, r, s) ~ 
and 

(4.1.3) nS abcd (m, n + 1, r, s) + rS abcd {m, n, r + 1, s) + (n + r)S abcd {m, n, r, s) ~ 0. 
Add ( PHD and ( ^L2|) together and use ( jXg) to yield 



Sabcd(m + 1, n, r, s) + S abcd (m, n, r, s) ~ 0. 

Consequently we have S abcd (m,n,r, s) ~ (-l) m_1 5' a6cd (l, n, r, s). Since S abcd (m,n,r, s) 
is invariant under the permutations of {(a, m), (6, n), (c, r), (<i, s)}, we can apply the 
same result to indices b, c and d and finish the proof of the lemma. □ 

We denote S ab = S ab (l, 1) for short. 
Remark 4-1-7. We see from Lemma [4.1. 6| that 



S abcd (m, n, r, s) ~ (-l) m+n+r+s 5 afe * 5 cd . 

as 5*^^(1, 1, 1, 1) = 5* ab * S cd . 

Now let a = {ai, 02^} be an even subset of { 1, 2, . . . , £ }. Let a = aiUc^U- • -Ua^ 
be a disjoint union of subsets such that \ati\ =2. Set S a = S ai * S a2 * ■ ■ ■ * S ak where 
where S a = S ab for a = {a, b}. Clearly S a is independent of a choice of decomposition 
a = ai U «2 U ■ ■ ■ U ctk- For integers mi,m 2 , . . . , m\ a \ G Z + , (|a| = 2/c), we set 

5 a (mi, m 2 , • • • , m\ a \) = h ai {-m 1 )h a2 (-m 2 ) • • ■ h a (-m| a |)l. 
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Lemma 4.1.8. Let a be a subset of {1,2, ... ,£} with the even cardinality \a\ and 
\a\ > 4. Then, 

S a (m u m 2 ,...,m H ) + 0(H + ) = (_i)»h+»»+-+™ms q + 0{n+ y 

Proof. We prove the lemma by induction on \a\. When \a\ = 4, it is nothing but 
Remark |4.1.7| . Let us suppose \a\ > 6 and decompose a as a = a.\ U a where a,\ = 
{ai, a 2 } and a = a 2 U • ■ • U with \a r \ =2 and a r fl a s = for r ^ s. 
Note that 

S a (mi,m 2 , ...,m\ 

a|) S aia , 2 (mi , 777.2) * S^ym^, . . . , ?77|q,i). 

By the induction hypothesis, 

5 5 (m 3 ,...,m w )~(-l) ms+ - +,n w5 , a . 

So we have 

5 Q (mi,m 2 ,...,m| a |) ~ (-l) m3+ - +m i Q i(/i ai (-m 1 )/i a2 (-m 2 )l) * S Q2 * • • • * 
The proof is complete by the fact that 



(M-mOM-ma)!) * ^ = (-l) mi+m2 ^ * 5, 



(A 2 ' 



which follows from either Remark |4.1.7| or the induction hypothesis. □ 
We now use Lemma |4.1.8| to prove a result similar to Proposition [4.1.5 . 



Proposition 4.1.9. If \a\ > 4 then as a left A[W]-module or a right A[W] -module, 
A[W a ] is generated by S a . 

Proof. The proof is similar to that of Lemma |4.1.4| . For any u G W and positive integers 
mi, ...,m\ a \, set S a (m 1 ,m 2 , . . . ,m\ a \;u) = h ai {-m 1 )h a2 {-m 2 ) ■ ■ ■ h a ^(-m\ a \)u. Then 
W a is spanned by all possible S a (mi, m 2 , . . . , m\ a \; u). We again use induction on £(u) 
for a monomial u to show that S a {rri\, m 2 , . . . , m\ a r, u) + 0(7i + ) lies in T a and T' a which 
are the left and right A [W] -modules generated by S a + 0{Ti. + ), respectively. 
If £(u) = then by Lemma |4.1.8|, 



S^m^m^ . . .,m\ a \;u) = S a (mi,m 2 , . .. ,m\ a \) ~ (-l) mi+ "' +m w S a 



lies in T' and T a . 
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If £{u) > it is clear that 

S a (m 1 , m 2 , ■ ■ ■ ,m\ a \) * u = S a (m 1 , m 2 , ■ ■ .,m\ a \;u) + w 

where 

G W 



w = 

ni,...,n Q 



and f(«„ lr ..,n )a |) < Thus by the induction hypothesis, w + 0{TC + ) lies in both T' a 
and r a . 

Lemma |4.1.8| shows 



S a (m 1 ,m 2 ,...,m {al )*u + 0(H + ) = (-l) mi+m2+ - +m ^ S a * u + 0(H" 



is an element of V'. 



It remains to show that S a * u + 0(Ti. + ) G T a . As in the proof of Proposition [4.1.5 
we have 

S a * u - u * S a ~ Res ((1 + z)^- l Y(S a , z)u) 

2=0 

|a|-l 



C a \ 

i=0 ^ ' 



Note that 



(5' a )i= o'*oi(»7ll)'lo9( 7ra 2)---'lo| |(ni|a|)o- 



mi,....,mi a | 

J] m s =— \a\+i+l 

Since z > there is at least one m s positive. Thus (S a )iU is a linear combination of 
vectors like h ai {ni)h a2 {ri2) ■ ■ ■ h a , a ,(n\ a \)v for negative n s and a monomial v G W whose 
length is less than the length of u. By the induction hypothesis, (S a )iU + 0{7i + ) G T a . 
Thus 5 a * u + 0{7i + ) G r a , as required. □ 

Recall that P is the collection of subsets of {1, ...,£} of even cardinalities, and that 
for a = a\ U ■ • • U a>k G P, S a = S ai * ■ ■ ■ * S ak . Combining Lemma [4.1.4| , Propositions 
1.1.51 , fl.l. 9| and Corollary |4.1.3| we have 



Proposition 4.1.10. The algebra A{H + ) is generated by u a , J a and h a (—m)hb(—n)l 
for a,b = 1, . . .,£ with a ^ b and positive integers m,n. In fact, as a left or right 
A[W]-module, A[W a ] is generated by h a (—m)hb(—n)l for all m,n > if a = {a, b} 
and is generated by S a if \a\ > 4. 
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Remark J^.l.ll. In fact we can get a finite set of generators for A(7i + ). By Proposition 
ELED(iii), 



u a * S ab (m, n) - S ab (m, n) * u a ~ mS ab (m + l,n) + mS ab (m, n). 

for distinct a, 6 and m, n > 0. Thus A[W a ] is a generated by S a (l, 1) + 0(7Y + ) as an 
A[>V]-bimodule for a = {a, b}. In particular, the algebra A(7i + ) is generated by uo a 
and J a and /i a (— l)/i;,(— 1)1 for a, 6 = 1, . . . , I with a ^ b. 

In the next two subsections we will find a set of finite generators for each A[W Q ] 
as a left or right A [W] -module for all a. 

4.2 Consequences of the circle relation 

We derive several relations in A(7i + ) from the circle relations. These relations will 
play important roles in the next subsection. 

Recall that S ab (m, n) = h a (—m)h b (—n)l for distinct a, b and positive integers m, n, 
and that S ab = S ab (l, 1). 

Lemma 4.2.1. For any m,n G Z + , 

h a (-l) 2 S a b(m, n) = 2S ab (m, n) * u a - 2mS ab (m + 2, n) - 2mS ab {m + 1, n). 



Proof. Proposition |3.2.1| (ii) shows 



S ab (m, n)*u a = {L a (-2) + L a (-l))S ab (m, n) 



-h a (-l) 2 S ab (m, n) + mS ab (m + 2, n) + mS ab (m + l,n). 



□ 



For a while, we set u = h a (—l) 2 l and v = h a (—l)h b (—n)l. We compute the result 
of the circle relation u o v as follows. Since Wj = 2L a (i — 1), we see 

«_ 2 u = 2/i a (-2)/i a (-l) 2 /i 6 (-n)l + 2/i a (-4)/i b (-n)l, 
= /i a (— 1 ) 3 /if,( — n)l + 2h a (—3)h b (—n)l, and 
= 2h a (-2)h b (-n)l. 

By Proposition |3X^ (iv), L(-l)(h a (-lfh b (-n)l) + L(0)(/i a (-l) 3 /i b (-n)l) ~ 0, i.e., 



3h a (-l) 2 h a (-2)h b (-n)l + n/i a (-l) 3 /i 6 (-n - 1)1 + (n + 3)/i a (-l) 3 /i fe (-n)l ~ 0. 
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Thus 

u_ 2 v~-^//„( -l) 2 S, lh (l.»- 1) - "' //„(-l ) 2 ,S'„,,( 1. „ ) 4- 2,S'„,,( I.//) 

and 



2n 

MO u /i a (_i) 2 (5^(1 n + 1) + 5^(1, n)) 

(4.2.1) 3 

+ 2S ab (4, n) + 4S ab (3, n) + 2S a6 (2, n). 
Using Lemma |4.2.1| together with ( [4.2. 1|) yields 



2n(S ab (l, n + 1) + S ab (l, n)) * u a ~2nS ab {3, n + 1) + 3S afe (4, n) + (2n + 6)S ab (3, n) 

+ 2nS afc (2, n + 1) + (2n + 3)S a6 (2, n). 

Thus we have proved: 

Lemma 4.2.2. For distinct a and b, 

(S ab (l, m + 1) + 5^(1, m)) * w a ^^{,(3, m + 1) + — 5^(4, m) H 5^(3, m) 

v 7 2m m 

2m + 3 

+ S afe (2, m + 1) + — S ab (2, m). 

2n 

We also use the same argument to prove the next two lemmas. In fact, the circle 
relation between h a (— l)h b (— 1)1 and h a (—l)h c (—m)l for distinct a,b and c with the 
help of relations 

L(-l)(h a (-l) 2 S bc (l,m)) + L(0)(h a (-l) 2 S bc (l,m)) ~0 and 
L(-l)(S 6c (l,m)) + L(0)(S 6c (l,m)) ~ 

gives 

Lemma 4.2.3. For distinct a, b and c, 

111 

u a * (S bc (l,m + 1) + S bc (l,m)) ~ — 5 , 6c (4, m) H S& c (3, m) + — S bc (2,m). 

2m m 2m 

The circle relation between ^i a ( — — 1)1 and h a (—l)h b (—m)l with the help of 
relations 

L(-l)(/ ia (-l) 2 ^(l,m)) + L(0)(/ ia (-l) 2 ^(l,m))~0, 
L{-l)(S bb (l,m)) + L(0)(S bb (l,m)) ~ 

yields 
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Lemma 4.2.4. For distinct a and b, 

uo a * (S bb (l, m + 1) + S bb (l, m)) ~ - (5 aa (l, m + 3) + 2S aa (l, m + 2) + 5 aa (l, m + 1)) 

+ (566(4, m) + 2^(3, m) + S hb {2, m)). 
2m 

4.3 Finiteness 

We have already proved in 4.1 that A[W Q ] is generated by S a as a left or right A[W]- 
module if \a\ > 4. In this subsection we show that A[W Q ] in the case a = {a, b} is 
generated by h a (— l)h b (— m)l (m = 1, ...,5) as a left or right A [W] -module. 

Recall that S ab is spanned by h a (—m)h b (—n)l + 0(7i + ) for positive m,n G Z. 
Using the results from the previous subsection we show that S ab is 5 dimensional and 
is spanned by h a (— l)h b (— m) + 0{7i + ) for m = 1, 5. 

Let u = h a (—l)h b (—l)l = S ab and v = h a (— 1) 4 1. In the following we seek the 
consequence of the circle relation u o v, which turns out to be a relation in the weight 
7 space. 

By direct calculations, we see 

(4.3.1) u^v = h a (-lfh b (-2)l + h a (-2)h a (-l) 4 h b (-l)l + Ah a (-l) 3 h b (-A)l, 

(4.3.2) u^v = h a (-l) 5 h b (-l)l + 4/i a (-l) 3 /i 6 (-3)l, 

(4.3.3) u v = Ah a {-Ifh b {-2)1. 

The important feature of the circle relation u o v is that every term appeared in 
u o v is of the form h a (— l) 2k S ab (m, n)l for m, n G Z + and k = 1,2. The case k = 1 
was already considered in Lemma [4.2. 1| and the following relation was obtained: 

(4.3.4) h a (-l) 2 S ab (m, n) = 2S ab (m, n) * to a - 2mS ab (m + 2, n) - 2mS ab {m + 1, n). 
Now we turn to the case k = 2. 

Lemma 4.3.1. For distinct a and b, 

h a (-l) 4 S ab (l,m) 
~ 45 a 6(l,m) * Lu 2 a 

- (165,43, m) + 45 afe (2, m) - 4m5 afe (l, m + 1) - 4(m + 3)5 o6 (l, m)) * w a 
+ 365 a 6(5, m) + 365 a 6(4, m) - 4m5 a 6(3, m + 1) 

- 4/71542, m + 1) - 4(m + 3)5 a6 (3, m) - 4(m + 3)5 a6 (2, m). 
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Proof. Set w = h a (—l) 2 S ab (l,m). Since 
w * u a ~ (L a (-2) + L a {-l))w 



-h a {-lfS ah {\, m) + 3h a (-3)h a (-l) 2 h b (-m)l + L a (-l)w, 



we have 



(4.3.5) h a (-l) 4 S ab (l, m)~2w*uj a - Qh a (-3)h a (-l) 2 h b (-m)l - 2L a (-l)w. 
Note that L(-l)w = (L a (-1) + L b {-l))w ~ -L(0)w, i.e., 

(4.3.6) L a {-l)w ~ -m/i a (-l) 2 S afe (l, m + 1) - (m + 3)/i a (-l) 2 5 ab (l, m). 
Combining ( [4.3.5 ) and (4.3.6) together proves 



K(-l) 4 S ab (l, m) ~ 2/i a (-l) 2 S afe (l, m) * w a - 6/i a (-l) 2 S a6 (3, m) 

+ 2m/i a (-l) 2 5 a;) (l, m + 1) + 2(m + 3)/i a (-l) 2 S afe (l, m). 



Finally, using (|4.3.4|) we get the desired result. 



□ 



Note that each term in (pL31p , (gXg ) and ( pUl) except /i a (-2)/i a (-l) 4 /i fe (-l)l has 
the form /i a (-l) 2fc S afe (l, m) for fc = 1,2. Using the relation L(-l)(/i a (-l) 4 S af) (l, 1)) + 
L(0)(/i a (-l) 4 S ab (l,l))~0, i.e., 

h a (-l) 4 S ab (2, 1) ~ -I/, a (-l) 4 5 afe (l, 2) - h a (-l) 4 S ab (l, 1), 

we see that h a (— l) 4 S ab (2, 1) is a linear combination of the elements S ab (m,n) * uj\. 
Thus we have by ( |4.3.4| ) and Lemma |4.3.1| : 



Lemma 4.3.2. Letu = S ab (l, 1) andv = h a (-l) 4 l. Then u^v+0(H + ) for j = 0,1,2 
is a linear combination of S ab (m,n)*u) l a +0(1-C + ) where <i<2 andm+n < 5+j—2i. 
In particular, uov is a linear combination of the elements S ab (m,n)*u)l modulo 0(H + ) 
where < i < 2 and m + n < 7 — 2i. 

For a positive integer k, let S ab (k) be the span of S ab (m, n) +0(H + ) for m, n G Z + 
such that m + n < k + 1. 

Lemma 4.3.3. The S ab (k) is spanned by {S ab (l,m) + 0{7i + ) | 1 < m < k}. In par- 
ticular, the dimension of S ab {k) is less than or equal to k. 
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Proof. We prove the lemma by induction on k. When k = 1, it is clear. Let k > 2 and 
m, n > with m + n = k + 1. Then the relation L(— l)5' j(m, n) + L(0)S ab (m, n) ~ 
gives 



mS ab (m + l,n) + nS ab (m, n + 1) + (m + n)S ab (m, n) ~ 0, 



which implies 

Thus 
(4.3.7) 



mS a b('rn+ l,n) +n5 , a 6(m,n+ 1) = mod <S a6 (A; — 1) 



S ab (n, k - n + 1) = (-1) 



n-l 



fc-1 

n — 1 



5^(1, fc) mod «S a6 (A;-l) 



This shows that dimiS a fe(/c)/iS a b(A; — 1) < 1. The induction hypothesis then yields that 
S ab (k) is spanned by {S ab (l,m) + 0{7i + ) \ 1 < m < k}. □ 

We go back to the circle relation u o v for u = S ab (l, 1) and v = h a (— 1) 4 1. By 
Lemmas [4.3.2| and [4.3.3| , we can write u o v as 



u o v 



^2 x mj S ab (l,m) *u J a 



3=0,1.2 
m<6— 2j 



with some scalars x m j. Using Lemma [4.2.2| and Lemma [4.3.3| proves 



(4.3.8) 



^^(1, 1) * £j* + y m S ab {\, m) 



i=l,2 



m,=l 



with some scalars Xj and y m . We call this expression of w o v the normal form. The 
same process also shows that each term (a homogeneous vector) occurring in (|4.3.1| )- 
( |4.3.3| ) has a normal form like ( |4.3.8j ) and the weights of homogeneous vectors in the 
normal form are less than or equal to the weight of the original term. 

Since u o v acts trivially on each top level of 7i + -modules, the right hand side of 
( |4.3.8j ) acts also trivially on each top level of 7i + -modules. Let A = ^ i=1 Aj/ij G f). 
Then the top level of 7i + -module M(l, A) is one dimensional. Now S ab (l, m) acts on 
the top level of M(1,A) as S ab (l,m) = (— l) m+1 A a Ab and u a acts on this space as 



1 \2 



A^: See Table 1 at the end of this subsection. Then the evaluation of the right 



hand side of ( |4.3.8j ) on the top level of this module shows 

6 

i=l,2 m=l 



0. 
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Since A is arbitrary we immediately see that X{ = for i = 1,2 and obtain the relation 

ELi^( 1 > m ) ~ °- 

Now, suppose that there exists m such that y m 7^ 0. Then we have a (nontrivial) 
relation among S ab (l,m), (1 < m < 6). The coefficients y m might be zero for all m. 
However, we are able to show that ye ^ 0. 



From Lemma |4.3.2| and the proof of Lemma [4.3.3| , there is no contribution to 
S ^(l, 6) in the normal form from either U-\V or UqV. To find y e , it is enough to consider 
the term M_ 2 f int/ojj. We define an equivalence relation £3 on TL + such that w\ ^ w 2 
if and only if there exists v whose homogeneous components have weight less than 7 
such that W\ — w 2 ~ v. 

Let us recall that 



u. 2 v = h a (-lfh b (-2)l + h a (-2)h a (-l)%(-l)l + Ah a (-lfh b (-A)l, and 



h a (-lfS ab (2, 1) ~ -I^(-l) 4 5 ab (l, 2) - ^ Q (-l) 4 5 afc (l, 1) 



Then 
(4.3.9) 



^ -h a (-lfS ab (l,2) + Ah a (-lfS ab (l,A). 
5 



From Lemma 4.3.1 we see that 



(4.3.10) h a (-l) A S ab (l, 2) >z AS ab (l, 2) * cu 2 a - 165 a6 (3, 2) * u a + 365 a6 (5, 2) 
By ( [1.3.4 ) we know that 

(4.3.11) h a (-l) 2 S ab (l, A) >z 2S ab (l, A)*u a - 2S ab (Z, A). 



Using flO^) , ( |Oiq ) and (|4.3.11|) shows 



(4.3.12) 



1 fi 

u. 2 vt ^(1,2)*^ 

64 144 
+ (85-06(1, 4) - - 5 a6 (3, 2)) * oo a + —S ab (5, 2) - 85 afe (3, 4). 



Using the relation 5 a &(l, 2) * u)\ ^ (S ab (3, 2) + |5 a b(4, 1)) * u a which follows from 
Lemma |4.2.2j , we reduce (|4.3.12j) to 



u 



48 24 
-2V >Z (-y 5 a6 (3, 2) + y5 o6 (4, 1) + 85 o6 (l, 4)) * uo a 

144 

+ — 5 afe (5,2)-85 a6 (3,4) 
5 
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which, by ( |4.3.7| ), is equivalent to 

1 28 144 
u- 2 v >z - — S ab (l, A)*u a + —S ab (5, 2) - 8S ab (3, 4). 

To find |/6, we still need to reduce the term 5^(1,4) into the normal form. Again by 
using Lemma [4.2.2| we see that 

506(1,4) * uj a >Z S ab (3,A) + ^ o6 (4,3). 

Finally we have u^v £3 — 64S a b(l, 6) by (|4.3.7f) . This shows that y% = —64. 
Thus we have proved: 

Lemma 4.3.4. In A(H + ), the element S ab (l,6) + 0(H + ) is a linear combination of 
the elements S ab (l, m) + 0(H + ), (1 < m < 5). 

Now we prove one of the important results in this paper. Recall that S ab is spanned 
by all S ab (m,n), (m,n 6 Z + ). 

Proposition 4.3.5. We have dimiS a fc = 5 with a basis S ab (l,m) + 0(H + ), (1 < m < 
5). 

Proof. We first prove &m\A(S ab ) < 5. It is enough to show that S ab (m,n) + 0(TL + ) 
for m + n > 7 is expressed as a linear combination of S ab (l, m) +0(H + ), (1 < m < 5). 
Note from Proposition p.2.1| (iii) that 

(4.3.13) mS ab (l,m+ 1) ~ [u b , S ab (l, m)\ -mS ab (l,m) 

for any positive integer m where [u> b , S ab (l, m)] = u b * S ab (l, m) — S ab {l, m) * u b . Since 
S ab (l,6)+0(TC + ) is a linear combination of S ab (l, m) + 0(H + ), (1 < m < 5) by Lemma 
4.3.4| , the element [ui b , S ab (l, 5)] is also a linear combination of S ab (l,m) + 0(H + ) 
for m = 1, . . . , 5. We also see from (|4.3.13|) that the space spanned by S ab (l,m) + 
0(H + ), (1 < m < 5) is closed under the bracket [u b + 0(H + ), ■ ]. 

We now prove by induction on positive integer n greater than or equal to 6 that 
S ab (l, n) +0(TL + ) is a linear combination of S ab (l,m) +0(H + ), (1 < m < 5). Suppose 
that this is true for 6, . . . ,n. Then since S ab (l,n) + 0(H + ) is a linear combination 
of S ab (l,m) + 0(H + ), (1 < m < 5). From the discussion in the previous paragraph, 
[u> b , S ab (l,n)} +0{7i + ) is also a linear combination of S ab (l,m) +0(H + ), (1 < m < 5) 
and so is S ab (l, n+l) + 0(H + ). 
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It remains to show that S ab (l,m) + 0(7i + ), (1 < m < 5) are linearly independent. 
Suppose that there exist scalars x m , (1 < m < 5) such that 



(4.3.14) 



m=l 



We have to prove that X\ — X<i — • • • — X5 = 0. This is achieved by the following 
evaluation method. We evaluate ( [4.3. 14| ) on the top levels of irreducible modules 7l~ , 
M(l, A) and 7l{6)~ . Consider the basis {h a (— l)l\a = 1, . . . ,£} for 7i~ and the basis 
{h a (— l/2)l|a = 1, ...,£} for 7i{6)~ . Let E ab be the corresponding matrix element with 
respect to the basis. Also write A = ^2 i=1 \ihi. Then the action of S ab (l,m), (1 < 
m < 5) on the top levels of H~ , M(l, A) and 7i{6)~ are listed in Table 1; S a b(l,m) 
acts trivially on the top levels of the modules 7i + and 7i(8) + . 





n- 


M(1,A) 


n(ey 


Sab(l,l) 


E a b + E ba 


A a Aft 


\{E ab + E ba ) 


S*(l,2) 


—2E ab 


— A a A& 


— \E ab — \E ba 


506(1,3) 


3E ab 


A a Aft 


15 p 1 3 p 


S ab (iA) 


-4E ab 


— A a Af, 


35 p 5 p 
32 - C/ a!> 32 - C/ 6a 


SabO-,5) 


5E ab 


A a Afe 


315 p 35 771 
256 111 ah " r 256 ■ E,6 ° 



Then we have the linear system 



Table 1 



xi = 0, 

— 2x 2 + 3x 3 — 4x 4 + 5x 5 = 0, 

- x 2 + x 3 - x 4 + x 5 = 0, 

3 15 35 315 

Xo H X4 H = 0, 

4 2 16 3 32 4 256 5 

1 3 5 35 

Xo H X? Xa H X5 = 0. 

4 2 16 3 32 4 256 5 



The only solution to this linear system is x\ 



X5 = 0, as expected. 



□ 



Combining Propositions 4.1.10 and 4.3.5 gives 
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Corollary 4.3.6. Let a = {a, b}, (a ^ b). Then as a left or right A[W]-module, 
A[W a ] is generated by S ab (l,m), (1 < m < 5). 

The importance of the elements of 5 a fc(l,m), (1 < m < 5) will become clear in the 
next section. 

5 Matrix subalgebras 

In this section we use the elements S ab (l,m) + 0(H + ), (1 < m < 5) to construct two 
ideals in A(H + ). Both are isomorphic to the I x I matrix algebra. These two ideals 
characterize the modules H~ and H(6)~. 

5.1 Matrix elements 

Motivated by Table 1, we define elements E™ b , E ba , E^, E l ba and A ab as follows; for 
distinct a and b, set 

E u ab = 55 ab (l, 2) + 255^(1, 3) + 365 a6 (l, 4) + 165 a6 (l, 5), 
E u ba = S ab (l, 1) + 145 a6 (l, 2) + 415 ab (l, 3) + 445^(1, 4) + 165 a6 (l, 5), 
(5.1.1) E l ab = -16(3541,2) + 145 a6 (l,3) + 195 a6 (l,4) + 85 a6 (l,5)), 
El = -16(55 a 6(l,2) + 185o 6 (l,3) + 215 a6 (l,4) + 85o 6 (l,5)), 
A ab = 455 ab (l, 2) + 1905 a6 (l, 3) + 2405 a6 (l, 4) + 965 a6 (l, 5). 

The action of these elements on the top levels of of irreducible modules H~, M(l, A) 
and H(9)~ is listed in Table 2. 





w 


M(1,A) 


H(6)- 


rpu 
E a b 


E a b 








rpu 

E ba 


E ba 








E ab 








E a b 


E ba 








E ba 


Kb 





A a Ab 






Table 2 
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Recall that [u] = u + 0(H + ). 



Lemma 5.1.1. For distinct a and b, 

[EU = [EL], [EU = [El] and [A a6 ] = [A*.]. 

Proof. One could prove the lemma using the fact that h a {— n)h b (— 1)1 is a linear com- 
bination of the elements S a b(l, m)'s with a lengthy computation. Here we give a short 
proof by evaluation method discussed in the proof of Proposition [4.3.5| . 

Consider D ab = E ba - E ba or E l ba - E\ a or A ab - A ba . Clearly D ab is a linear 
combination of S ab (l,m) for m = 1,...,5 modulo 0(7i + ) and acts trivially on top 
levels of irreducible modules in Table 2. The proof of (|4.3.14j) shows that D ab = 0. □ 

Thanks to Lemma |5.1.1| , we use E ba and E ba instead of E ba and E\ a . 
Remark 5.1.2. Solving the linear system (|5.1.1|) for S ab (l,m) 7 s gives rise to 

S ab (l, 1) = E™ b + E ba + A ab + -E^ + -El a , 



3„, 1 



S ab (l, 2) = -2E% b - Aab - -.E l ah - -E ( 



4 a0 4" 



t 

J bai 



(5-1.2) S ab (l, 3) = 3E: b + A ab + ^Ei b + ^E l ba , 

35 5 

S a6 (l, 5) = 5E u ab + A ab + + ^E\ a . 

This is essentially Table 1. 

Remark 5.1.3. By Remarks |4.1.11| and |5.1.2j , A(H + ) is generated by u a , J a , E^ b , E t 
and A ab for a,b = !,...,£ and a ^ b. 



t 

ab 



5.2 Relations among cj a , £?" 6 and 

In this subsection we use the evaluation method developed in the preceding subsections 
to derive some relations among u a , E\\ and i£* 6 . 

First we give the actions of uo a and J a on top levels of the known irreducible modules 
for 7i + in Table 3. Here we use I to denote the I x I identity matrix. 
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H + 


n- 


M(1,A) 


H{6) + 


H(0)- 







E aa 




i 

16 


16 ^ 2 °° 


Ja 





-6E aa 


X 4 1 X 2 


3 
128 


3 r 3p 
128 J S- ' 00 



Table 3 

For convenient we shall use E* b for either E% b or i?* 6 . Whenever E* b appears in 
equalities, it is supposed to be the same element. 

Recall that S a b is the linear span of h a (—m)hb(—n)l + 0(7i + ) for m, n e Z+. Then 
iS a b is 5-dimensional with a basis {[^(l, m)] + 0(7-^ + )|m = 1, . . . , 5}. Let M. u ab be the 
vector subspace of A{7i + ) spanned by the elements [E% b ], [E ba ] and be the vector 



subspace spanned by [E^], [£&,], and M a b = M u ab © M ab 



t 

at 

The following lemma is frequently used in this subsection. 



Lemma 5.2.1. (i) If an element E e S a b acts trivially on the top levels ofTC , M(l, A), 

0)Gf) and 71(6^, then E = 0. 
(ii) // an element E e -M a b ocfo trivially on the top levels of the modules 7i~ and 
H(6)-, then E = 0. 

Proof Write Easa linear combination of the elements E^ b +0(H + ), E ba +0(H + ), E l ab + 
0(H + ), E\ a + 0(H + ) and A afe + 0(H + ). Then the result is immediate. □ 

Now we prove relations between uj a and E bc in A(H + ). As we pointed out before, 
we sometimes identify u G 7i + with its image [u] — u + 0{7i + ) in A(7i + ) when the 
content is clear. For short we sometimes write xy for x * y in t4(7Y + ). 

Lemma 5.2.2. For any a and distinct b, c, 



u a *E% s = 6 ab E% c , El*uj a = 5 ac El and 

U a * El = (— + ^o^L ^ c * Wa = + ^ac)£L 



in 



Proof. Since all equalities in the lemma hold on any top levels of the modules 7i~ and 
7i(6)~, it suffices to prove by Lemma |5.2.1| that the left hand sides of the equalities 
belong to M. a b- 
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First we consider the case that a, b and c are all distinct. Then by Lemma |4.2.3| , 
Proposition [4.3. 5| and Remark |5.1.2| , we know that u a * E bc is expressed as a linear 
combination of the elements ui a *S bc (l, 1) and E bc , E™ b , E\ c , E l cb and A bc modulo 0(TC + ) : 

(5.2.1) uo a * E* bc = x u a * S bc (l, 1) + xiEl + + x 3 El + x A E l cb + x 5 A bc . 

for some scalars x$. Evaluation of ( |5.2.1| ) on the top level of M(l, A) shows 

^x X 2 a X b X c + x 5 X b X c = for all ^ X = ^ Aj/i, G f), 

i 

which implies xq = x^ = 0. Therefore u a * E bc is an element of M. bc . Further, since 
[u a , E* c ) ~ (L a (0) + L a {-l))E* bc = 0, we have E* bc * uo a G M bc . 



Next we consider the case either a = b or a = c. Lemma 4.2.2 and Remark 5.1.2 



show that E bc * u a is a linear combination of 5& c (l, 1) * u a , E bc , E^ b , E bc , E^ and A bc 
modulo 0(H + ): 



E* bc * u a = x S bc (l, l)*u a + x x El c + x 2 E u A + x 3 El + x A E l cb + x 5 A 



be 



with some scalars (0 < i < 5). The same evaluation in the previous paragraph 
shows x = £ 5 = 0, i.e., E* bc u a G M a b- Note that u a * E* bc = E* bc * uj a + [u a , E^ c ] and 
[u a , E bc \ ~ L a ( — l)E bc + L a (0)E bc . Since the space spanned by S bc (m, n) for m, n > is 
invariant under L a (—n) for n = 0, 1, ui a * E bc + 0(H + ) lies in S bc . The same evaluation 
then concludes that u a * E bc + 0(H + ) G M bc . □ 

Now we turn our attention to J a . We have 

Proposition 5.2.3. For any a and distinct b, c, the spaces M. bc and M\ c are closed 
under the left and right multiplication by J a . 

Proof. We only consider the case that a = b or a = c here. The case that a, b and c 
are all distinct is treated in Subsection see Corollary |5.3.5 . 



We first prove that if a = b then J a * S bc (l, m), is a linear combination of S ac (l, n) * 
uj J a , (j G N, 1 < n < 5) modulo 0{7i + ). By Proposition [4.3.5| , it is enough to show that 
J a * S ac (l, m), is a linear combination of S ac (p, q) * LO ] a , (j > 0, p, q > 0) modulo 0(7i + ). 

Recall that 

J a * S ac (l, m) = ^2 f • ) (Ja)i-iS ac (l, m), (1 < m < 5) 

4 , 

= J2{-) h °(- m K J J i - ih * ( --v 1 ' 
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where we set J a (z) = Y(J,z) = J2 n <= : z(.Ja)nZ~~ n ~ 1 ■ The space Ti~ is a Virasoro module 
with respect to a Virasoro element uo a and decomposes into the direct sum of irre- 
ducible modules TL~ = ®fl Q L(l, (2i + l) 2 ) where L(c, h) denotes an irreducible highest 
weight module with highest weight h and central charge c for the Virasoro element 
u a (cf. PG| ). Since wt (( J a )i-ih a (-l)l) < 5, we see (J a )^xh a (-l)l G L(l, 1) for 



< i < 4. Therefore, J a * S ac (l, m) is a linear combination of the elements 

L a (-ni)---L a (-n k )S ac (l,m), m > 1. 

It is enough to show that L a (— ri\) • • ■ L a (—nk)S ac (s,t), (n, > l,s,t > 0) are linear 
combinations of the elements S ac (p, q)*u>l, (j > 0,p, q > 0) modulo 0(H + ). By Propo- 



sition |3.2.1| (i) we can assume that n\ < 2. Set v = L a (—n2) ■ ■ ■ L a (—nk)S ac (s } t). Then 



by Proposition ^2~T1 (ii), L a (-2)v ~ v * uj a — L a (— l)v. Note that 

L a (-l)v = ^{ni - l)L a (-n 2 ) ■ ■ ■ L a (-ni - 1) • • • L a (-n k )S ac (s, t) 

i 

+ sL a (-n 2 ) ■ ■ ■ L a (-n k )S ac (s + 1, t). 



Induction on k gives the desired result. 
Since 

J a * S ac (l, m) - Sac(l, m) * J a ~ ^2 ( 3 ) 

i— n \V 



{Ja)iS ac (\,m), (l<m<5), 



i=0 

the same argument above shows that J a *S ac (l, m) — S ac {l, m)*J a and thus S ac (l, m)*J a 
are also linear combinations of S ac (l,n) * u J a , (j G N, 1 < n < 5) modulo 0(TL + ). 

If a = c, by Proposition |4.3.5| , the span of S^l, m) + 0{7i + ) for m = 1, 5 is the 
same as the span Sb a (n, 1) +0{7i + ) for n = 1, 5. This implies that both J a *Sb a (l, m) 
and Sba(l, m) * J a are linear combinations of 5*^(1, n) * oj{, (j G N, 1 < n < 5) modulo 
0(H+). 



Then by Lemma |5.2.2j , J a * 5*^(1, m) and S& c (l, m) * J a are linear combinations of 
E%., E u ch , E l bc , E l cb and A bc * u){ modulo 0(ft+), and so are J a * E* hc and £ fe * c * J ffi . Now, let 

J a * E* bc = ZjA&c^ + + ViE u ch + ys-Bftc + vA 

j€N 

modulo 0(7^ + ) with some scalars Xj and y^. Then the evaluation of these expressions 
on the top level of M(l, A) shows x,- = and then J a * E bc G M* bc . Similarly we can 
prove E bc * J a G M-l c - Namely, M* hc is closed under both right and left multiplications 
by J a - □ 
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5.3 Relations among E* b 

For convenience, we set M ab = S ab = M ab © C(A afe + 0(H + )), M u ab = M u ab © C(A afe + 
0(H + )) and M\ b = M ab © C(A afe + 0(H + )). 

Recall that [u] = u + 0(H + ) is the image of u G H + in A(H + ). 

Lemma 5.3.1. For distinct a, b, c and d, 

(i) Mab * Med = 0, Med * Mab = 0. 

(ii) [A ab ]*[AJ = [S ab ]*[S cd \. 

Proof. Let u a b £ M a b and u ca - G 7W c rf. Remark [4.1.7] shows that there exists a scalar a; 
such that 

(5.3.1) [Uab] * [U c d] = x[Sab][S cd ]- 

If M a b G Mab, the left hand side of ( |5.3.1 ) acts trivially on the top level of the module 
M(1,A). So the evaluation of (|5.3.1| ) on this top level shows x — 0, which proves 
Mab * M cd = 0. Similarly, M cd * M a b = 0. 

Next, the evaluation of [A a6 ] * [A cd ] = x[S a b] * [S c d] on the top level of the module 
M(l, A) leads x = 1 as A ab = S a b = A a A(,. □ 

As one can guess from Table 1, 2 and 3, the element A a b commutes with uj a and J a . 

Lemma 5.3.2. For distinct a,b and any c, [A ab ,uj c ] = [A ab , J c ] = in A(TC + ). 

Proof. In the case a ^ c, b ^ c, it is clear. Suppose a = b or a = c, then since 
[u c , A a b] ~ (L c (— 1) + L c (0))A a b by Proposition p.2.1| (iii), the commutator belongs to 
Mab- Since [u c , A a b] acts trivially on the top levels of the known irreducible modules 
by Tables 2 and 3, Lemma p. 2.1 asserts that [A a b,c<j c ] = 0. The relation [A 6, J c ] = 
is proved by the same argument in the proof of Proposition [5 . 2 . 3| . That is, we express 
[A a b, Jc] as a linear combination of E^ b , E ba , E ab , E\ a and A a b * oj{ and then evaluate the 
expression on the top levels of the known irreducible modules to show that [A a &, J c ] = 
0. □ 

The following lemma is straightforward. 

Lemma 5.3.3. For all distinct a, b and c, 

S ab (l, m) * S ac (l, n) = 2u a * S bc (m, n) + ^m(m + i)S bc (m + 2, n) 

+ m(m + l)S bc (m + 1, n) + -m(m + l)S bc (m, n). 
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Lemma 5.3.4. Let {a, b} R {c, d} have cardinality one. Then we have the following in 
A(H + ). 

(i) M u ab * M\ d = M l cd *M u ab = and A ab * M cd = M cd * A ab = 0. 

(ii) E u ab * = 5 bc E: d and E ab * E\ d = 5 bc E ad . 
Further suppose a, b and c are distinct, then 

(iii) A ab * A bc = 2u b * A ac . 

Proof. We first consider part (i). Let u ab G M. a b and u c d G M. c d- We can assume b = d 



without loss of generality. Then by Lemmas [4.2.3| and |5.3.3| we have that 

u ab * u cd = * S ac (l, 1) + x 2 A ac + y x E u ac + y 2 E u ca + y 3 E t ac + y^E\ a 

with some scalars x« and yj. Note that in part (i) case, element u ab * u cd acts trivially 
on the top levels of the modules M(l, A), TC~ and 7i{6)~ . This implies that all X; t and 
yj are zero. 

Let us now prove the part (ii). Using the same argument in the previous paragraph 
shows E* b E* d e Mad iib = c and E* b E* d e M bc if b ^ c as E\\ * E^ d acts trivially on 



the top level of M(l, A). Then the result follows from Lemma [5.2.1 
Finally the evaluation of the equality 

A ab * A bc = Xl uj b * S ac (l, 1) + x 2 A ac + Vl E u ac + y 2 E u ca + y 3 E ac + y 4 E, 



on the top level of the modules Ti ,TC(9) and M(l, A) (see Tables 1, 2, 3) gives the 
linear system 

yi = V2 = 0, 

Xi + 32y 3 — 0, x\ + 32y 4 = 0, 
xi = 2,x 2 = 0. 

Thus we have proved 

(5.3.2) A ab * A bc = 2u b * S ac (l, 1) - ^El - ^E^. 

Then substituting S ac {l, 1) = E u ac + E u ca + A ac + \E ac + \E l ca (see (|X|)) into (^3^) 
and using Lemma |5.2.2| gives (iii). □ 



Corollary 5.3.5. For all distinct a, b and c, J a * E bc = E bc * J a = and J a * E\ c 
i 

128 J 



El * J a = ^E l bc hold in A(H + ). 
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Proof. By Lemma |5.3.4| (ii), J a * E bc = J a * E ba * E* c . We have already proved in 
Proposition |5.2.3| that J a * E ba G M. ba - Using Lemma |5.3.4| (ii) again shows that J a * 
E* ba * E* ac G M* bc . Similarly E* bc * J a = E* ba * E* ac * J a G M* bc . Since J a * E£ c * J a , J a * 
E\ c — Y2^E l bc and E l bc * J a — j^El c act trivially on the top levels of TL~ and TC(0)~, the 
corollary follows. □ 



We remark that the Corollary |5.3.5 completes the proof of Proposition 5.2.3 



Lemma 5.3.6. For distinct a and b, (E^ b ) 2 = (E^) 



°> E ab E ab 



E ab E u ab = and 



E1A 



ab ly ab 



A a b E ab 



°> E ab^ab 



Kb E ab 



hold in A(7V 



Proof. Since S a b(m,n) * S a b(s,t) G W for all m,n,s,t > we see that E* b E* b is a 
polynomial in u> a ,ujb, J a and Jb (cf. Corollary |4.1.3| ). In particular, E* b E* b commutes 
with uj a . Then by Lemma |5.2.2| , we have 







K, El b El b \ 



u aEa b El b 



rpu rpu _ rpu rpu 
^ab^ab^a ~ ^ab^ab' 



Similarly (E ab f = E u ab E ab = E ab E u ab = 0. 

Since A a b commutes with u a by Lemma |5.3.2| , we also have E^ b A a bU a = 0. Thus 
the same argument in the previous paragraph shows that E^ b A ab = 0. The rest of the 
equalities are proved similarly. □ 



The following is an immediate corollary of Lemma |5.3.4| (ii 



Lemma 5.3.7. For distinct a, b and c, E u ab E^ a = E u ac E u ca and E ab E ba = E ac E ca . 



Thanks to Lemma [5.3.6| , we define new elements E* a 
which is independent of the choice of the index b. 



E* ab E* ba for all 1 < a < i, 



Lemma 5.3.8. For any a and distinct b, c, 
i) E l E bc = SabE u ac and = 6 M E&. 



ii) E aa E bc 



5 nh EL and EtEt 



be aa 



$ca,E ba . 



[in 


rpu rpt 


= E bc E aa 


= 




rpt rpu 


rpu rpt 
- h bc E aa 


= 


(v) 


E aa A bc z 


= A bc E aa 


= 0. 






= ^cEl 


= 



Proof. Suppose a ^ b. Then Lemma |5.3.4 
Kb^tc = o- 



or Lemma |5.3.6| shows E2 a E bc 



32 



If a = b, then E* aa El c = E* ac E* ca E* ac . Since E* ac E* ca lies in the subalgebra generated 
by u a , u c , J a , J c , we use Lemma |5.2.2| and Proposition |5.2.3| (also see Corollary |5.3.5|) 
to show E* a E* c e M* ac . Then the evaluation method proves E* a E* c = E* c . 

The rest of the equalities in (i), (ii) and (iii)-(vi) are proved similarly. 



□ 



Now we go back to E u ah E\ a and E ab E£ a . 
Lemma 5.3.9. Suppose a + b. Then E u ah E l ha = E ab E% a = 0. 



Proof. Since E* ab = E* ab E* bb by Lemma |X8| (i) and (ii), we have E u ab El = E u ab E% b El 



ba 



and El b El = = by Lemma (iii) and (iv). 



□ 



Using the same argument in the proof of Lemma |5.3.9| , we prove: 



Lemma 5.3.10. For any distinct a and b, E^ a E bb 



E aa E bb 



and El a E\ b 



E lb E la = 0. 



Lemma 5.3.11. For any a, (E I 



u \2 
aa) 



E aai ( E , 



t \2 
aa) 



E aa and E£„E. 



u E t 

aa aa 



E aa E aa = °" 



Proof. Using Lemma |5.3.8| (i) and (ii), we see E* aa E* aa = E* ab E* ba El a = E* ab E* ba = E* a . 
Similarly we prove E^ a E aa = E aa E^ a = by Lemma |5.3.8| (iii) and (iv). □ 



Summarizing we have: 

Proposition 5.3.12. For any a, b, c and d, 

(i) = 5 bc E: d . 

^ Et aA = S b A- 

(iii) E u ab Ei d = ^Ei d E u ab = Q. 

(iv) A ab E u cd = E^ d A ab = and A ab E\ d = E l cd A ab = 0, (o / b). 
Further suppose a, b, c distinct, 

(v) A ab A bc = 2uj b * A ac . 



The following corollary follows from Remark 5.1.3, Lemma 5.3.2 and Proposition 



5.3.12 



Corollary 5.3.13. For distinct a and b, A ab lies in the the center of A(H + ). 

Let J" = (®l<a, b <i,M U ab)®(®l<a<^Ka)^ = (Vl^bKlMtb) ©(©l^CE*,) 
aj^b aj^b 

and J = l u ©J*. 
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Proposition 5.3.14. The vector spaces T u and X* are ideals of A(7i + ) and are iso- 
morphic to the matrix algebra Mat^(C) as associative algebras. Furthermore, T u *T l = 
X f *l u = 0. 

Proof. It suffice to prove that I u and X* are ideals. But this is clear from Remark 
|5.1.3 , Lemma 5.2.2 , Propositions 5.2.3 and 5.3. 12| . □ 

By Corollary |4.1.3| , u a ,u b , J a , J b commute in A(TL + ). Combining Remark |5.1.3| , 
Corollary |5.3.13j and Proposition |5.3. 14| together gives the following result. 

Proposition 5.3.15. The quotient algebra A(7i + )/T is abelian and is generated by 
the image of u> a , J a and A ab for 1 < a, b < £. 



6 Classification of irreducible modules for TL + 

In this conclusion section we first give more relations among generators of A{H + ) and 
classify the irreducible modules for 7i + by classifying the simple modules for A(7i + ). 

6.1 Relations among u a , J a and E* b 

Set H a = J a + uj a — {% < a < £). Let us recall that 

S ab (m,n) = h a (-m)h b (-n)l 

for m, n > 0. In this subsection we shall compute [5^(1, m), S ab (l, n)] for certain 
m, n > in two ways and obtain new relations in A(7i + ). Since both S ab (l,m) and 
S ab (l, n) are linear combinations of E% b , E% a , E f ab , E\ a and A ab , [S ab (l, m), S ab (l, n)} is a 
linear combinations of E% a , E bb , E^, E l bb on the one hand. On the other hand, a direct 
computation of [S ab (l,m), S ab (l,n)} by definition shows that [S ab (l,m), S ab (l,n)] is 
a polynomial in u a , ui b , J a , J b . This will give two new relations. The other two new 
relations are derived in different ways. 



Recall from Remark 5.1.2 that 



Sab(h 1) = E ab + E ba + A ab + ^Kb + T^bai 

S ab (l, 2) = -2E u ab - Kb - \K b - \E\ a , and 

35 5 
S ab (l, 4) = -AEl b - A a6 - -^Kb ~32 E ba- 
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Lemma 6.1.1. If a^b, then 



hi a + 2 -H b = 2E u aa - 2EI + -E\ a - -E\ h1 and 
1 (2u a + 13)H a + -4(2^ + 13)H b = AE u aa - 4£% + ^ _ 



135 v u ■ , - 135 v u . , „ „a ™ 32 «« 32 
Proof. First, we see from Proposition |3.1.2| (iii) that 

[S ab (l, 1), S ab (l, m)] ~ S ab (l, l) S ab (l, m) + S ab (l, l)iS ab (l, m). 

Note that 

S ab (l,l)k= oh a (i)h b (j)l 

i+j=k—l 

and i or j is nonnegative if k > 0. Thus ^(l, l) 5' a b(l, m) + £ &(1, l^S^l, m) G 

We now deal with [S a b(l, 1), S ab (l, 2)]. From Proposition [5.3.1"2] and Corollary |5. 3. 13| , 
[S ab (l, 1), 5*^(1, 2)] = 2E^ a - 2E bb + -E l aa - -E l bb . 

Since the weights of 5 a &(l, l)o5 , a b(l, 2) and S ab (l, l)iS' a b(l, 2) are less than or equal to 
4, we see that 

(6.1.1) [S ab (l } 1), S ab (l, 2)] = xtf a + fM + yH b + g(u b ) 

with some scalars x, y and polynomials / and g. 

Evaluating ( 6.1.1|) on the top level of the module M(1,A) and noting that H a = 
H b = (see Table 3) yields f{\\ 2 a ) + g{\X b ) = for all + A G f), which implies 
f = g = 0. Therefore, we have 

(6-1.2) xH a + yH b = 2E u aa - 2E u bb + -E^ - l -E\ b . 

Further the evaluation of (|6.1.2| ) on the top level of the module 7i{9)~ shows that 
x = -2/9 and y = 2/9. 

Similarly, compute [S ab (l, 1), S ab (l,A)} in two different ways gives 

(xu a + y)H a + f( Ua ) + (zco b + w)H b + f(uj b ) = AE u aa - AE% b + - ^£* 6 

for some scalars x, y, z,w and polynomials / and g. Again the evaluation on M(l, A) 
shows that / = g — 0. That is 

(6.1.3) {xuo a + y)H a + (zu b + w)H b = AE u aa - AE bb + l ^E l aa - 
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4 , 4 
x + v = — and z + w — — , 
y 9 9 



Now the evaluation of ( |6.1.3| ) on the top level of the module H shows 
(6.1.4) 

the evaluation of ( |6.1.3| ) on the top level of the module 7i(9)~ yields 

153 9 15 , 153 9 15 

(6.1.5) x y = — and z w = . 

v ; 256 8 y 32 256 8 32 



Solving the linear system Q6.1.4Q and ( |6.1.5|) we find 

8 52 8 



52 



x 



135' 



y 



, z = , w = . 

135' 135' 135 



□ 



We need two more relations. 

Lemma 6.1.2. If a ^ b, then 

2 



u b H a = - — (u a - l)H a + — (u b - l)H b , and 
15 15 

A 2 ab = 4uw 6 ~\{H a + H b ) - {E u aa + El) - ~(El + 



Proof. Recall that 

= ^/la(-l) 2 , 



1 



u 2 a ~ (L a (-2) + L a (-1)K = -h a (-l)H + h a (-3)h a (-l)l + h a (-2)h a (-l)l, 
J a = h a {-lfl - 2/i (-3)/i (-l)l + ~h a (-2) 2 l. 



So 



H a ~ -6/i a (-3)/i a (-l)l - Ah a (-2)h a (-l)l + h a (-2) 2 l + h a (-l) 2 l. 



Now using L(-l)S aa (2, 1) + L(0)S aa {2, 1) ~ (cf. Proposition |3~1~2| (iv)), we have 
2/i a (-3)/i a (-l)l + /i a (-2) 2 l + 3/i a (-2)/i a (-l)l ~ 0. 

and 

#a ~ -95 aa (l, 3) - y Saa(l, 2) + ^ aa (l, 1). 
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Then Lemma 14.2.41 shows 



(6.1.6) 



u b H a = cu a u b + (au a + f3)H a + (xu b + y)H b + f(u a ) + g(u b ) 



with some scalars c, a, /3, x, ?/ and polynomials / and p. 

Now the evaluation of ( 6.1. 6|) on the top level of the module M(l, A) shows 



^«+/(^)+4^ 

This implies c = and / = g = 0. Thus we have 



0. 



(6.1.7) 



u; 6 iJ a = («w a + /3)F a + (xw b + y)H b 



Finally the evaluation of ( |6.1.7D on the top levels of the modules TC and Ti(9) re- 
spectively gives 



(6.1.8) 
(6.1.9) 



a + P = 0, x + y — 0, 



9 



153 9„ 

a p = , 

256 8 128 256 



153 9 9 



256 



Then solving the linear system ( |6.1.8|) and (|6.1.9| ) gives a = —2/15, f3 = 2/15, x — 1/15 
and y = —1/15. 

For the second relation, note from Lemma |5.1.1| and Proposition |5.3.12| that A ab = 



A ba and A ab E^ d = A ab E l cd = 0. Thus 

S ab (l, l) 2 = E u aa + El + A 2 ab + -E aa + \E\ h . 

On the other hand, the evaluation method shows S ab (l, l) 2 = Au a uj b — ^H a — \H b and 
then we have 

A 2 ab = Au a uj b ~\{H a + H b ) - {E u aa + El) - \{E aa + 

□ 



Summarizing, we have: 
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Proposition 6.1.3. For distinct a and b, 



(6.1.10) (70H a + 1188^ - 585u a + 27)H a = 0, 

(6.1.11) K - l)(u a - ^) {co a - ^)H a = 0, 



(6.1.12) 



^ TT O ptl r) rpll I 771* 



-El 



4 



4 



15 15 

(6.1.13) - ^(2*. + 13)if a + ^{2u b + 13)fr 6 = 4E: a - AE% h + - -E\ b , 

(6.1.14) cj 6 # a = ~(u a - l)H a + - 

15 15 

(6.1.15) A^ fc = 4a; a a; 6 - i(J7 a + H b ) - (E u aa + E% b ) - i(JE&, + 

(6.1.16) A ab A bc = 2u>b * A ac for a, b, c distinct. 



( p.l.lUp and ( |6.1.11| ) were given in PNI] by noting that 70H a + 1188^ - 585cu a + 



27 = 70J a + 908u 2 - 515u + 27. 



6.2 Irreducible modules for A(H + ) and the classification result 

Thanks to the relations we have obtained in the preceding subsections we are able 
to classify all the irreducible modules for the algebra A(7i + ) and then for the vertex 
operator algebra H + . 

Recall I = I u © I*. Let W be an irreducible A (7i + ) -module. There are two cases: 
TW ^ or TW = 0. If TW ^ then either X n iy ^ or TW ^ 0. If T<W ^ then 
we must have T U W = W and TW = as J", J* are ideals of and T u n 2* = 0. 

Thus I! 7 is a simple module for X n and is isomorphic to the top level of 7i~ as A(H. + )- 
modules. Similarly, if TW ^ 0, then W is isomorphic to the top level of H,{9)~ . 

Now we assume that TW = 0. Then W is a module for quotient algebra A{TL + )/T 
which is commutative by Proposition 5.3. 15| . Since A(7i + ) has countable dimension, 



W is 1-dimensional. Then each element in A{7i + ) acts a scalar on W. 

Suppose H a = for some a on W. Then fl6.1.12p shows H a = for all a. Let 



w„= |A„ with A a G C. Then we have J a = A^ — \}? a as if a = 0. Now (|6.1.15|) shows 



Aa6 = ^ a U b = A^. 



on W. Therefore A afc = £abA a Ab where e ab = ±1. Substituting the relation into (|6.1.16| ), 
we have £ a 6£{, c = £ ac - Therefore there exists a map e from the index set {1, 2, . . . , £ } 
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to {±1} such that e a b = (— 1) £ ^ e( - b \ Then replacing A a by (— l) £ ^A a , we have 



1 



— ttA^, Ja — A„ — -\ 2 a i and A a b — A a Afc. 



Thus the module W is isomorphic to the top level of the module M(l, A) as A(H + )/T 
is generated by u ai J a and A a b (see Proposition |5.3.15| .) 

Next suppose H a ^ on W for some a. Then fl6.1.12|) says H a = for all a and b. 
Then ( |6.1.13| ) shows uj a — uib = on W. Now set oj a = A. Then ( |6.1.14| ) implies A = 1/16 
and then J a = 3/128 by fl6.1.10|) . Finally Q6.1.15Q shows A 2 ab = 0, i.e., A ab = 0. Thus 
the module W in this case is isomorphic to the top level of the module 7i{9) + . 

Note that the top level of M(l, 0) is also the top level of 7i + . Thus we have proved: 

Proposition 6.2.1. Any irreducible module for A(7i + ) is isomorphic either to the top 
level of the module M(l, A), (0 ^ A G f)) or to the top level ofH + or to the top level of 
H{9) + . 

Finally by Theorem |3.1.1| (iii) we have proved: 

Theorem 6.2.2. Any irreducible admissible module for the vertex operator algebra 7i + 
is isomorphic to one of the following modules; 

H + , H~, M(1,A) ~M(1,-A), (A^Oe fj), H(6) + , H(0)-. 

In particular, any irreducible admissible module for 7i + is an ordinary module. 
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